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IMPROVEMENTS ON SOME INEQUALITIES OF HERMITE
HADAMARD INEQUALITIES FOR FUNCTIONS WHEN A POWER
OF THE ABSOLUTE VALUE OF THE SECOND DERIVATIVE h AND
P -CONVEX
ERDAL ÜNLÜYOL1, SEREN SALAŞ2, GÖRKEM DALKUN2, §
Abstract. In this paper, firstly we obtain some improvements of Hermite-Hadamard
integral inequalities via h and P -convex by using Hölder-İşcan inequality. Secondly new
results are established. Thirdly, we determine some new inequalities for functions when
a power of the absolute value of second derivatives are h and P -convex. Finally they are
compared with the old ones.
Keywords:Hölder-İşcan integral inequality, improved power-mean integral inequality, Her-
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1. Introduction
The famous Young inequality for two scalars is the t-weighted arithmetic-geometric
means inequality. This inequality says that if x, y > 0 and t ∈ [0, 1], then
xty1−t ≤ tx+ (1− t)y (1)
with equality if and only if x = y.
Definition 1.1. A function f : I ⊆ R −→ R is said to be convex if the inequality
f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y)
valid for all x, y ∈ I and t ∈ [0, 1]. If this inequality reverses, then f is said to be concave
on interval I.
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f(ta+ (1− t)b)dt ≤ f(a) + f(b)
2
(2)
holds. This double inequality is known as Hermite-Hadamard integral inequality for convex
functions in the literature. You can see ([3]-[6]), for the results of the generalization,
improvement and extension of the famous integral inequality (2).
Definition 1.3. [7] Let I, J be intervals in R, (0, 1) ⊆ J and h : J ⊆ R −→ R be a
non-negative function, h 6≡ 0. A non-negative function f : I −→ R is called h-convex (or
that f ∈ SX(h, I)), if for all x, y ∈ I and t ∈ (0, 1):
f(tx+ (1− t)y) ≤ h(t)f(x) + h(1− t)f(y)
If the inequality is reversed then f is said to be h-concave and in this case f belongs to
the class SV (h, I).
Definition 1.4. [8] Let I ⊆ R be an interval. The function f : I −→ R is said to be
P -convex(or belong to the class P (I)) if it is non-negative function and, for all x, y ∈ I
and t ∈ (0, 1), satisfies the inequality
f(tx+ (1− t)y) ≤ f(x) + f(y)
Lemma 1.1. [10, Lemma 1] Let f : I ⊂ R −→ R be a twice differentiable mapping on





































Theorem 1.1. [11, Theorem 5] Let a, b ∈ I with a < b and f ∈ L1([a, b]). If f ∈ SX(h, I)
















Theorem 1.2. [11, Theorem 7] Let f : I ⊂ [0,∞) −→ R be a twice differentiable function
on Io, such that f
′′ ∈ L1([a, b]), where a, b ∈ Io with a < b. If |f ′′ |q for q > 1 with p = qq−1























)∣∣∣∣q) 1q + (|f ′′(b)|q + ∣∣∣∣f ′′(a+ b2
)∣∣∣∣q) 1q ].
Theorem 1.3. [11, Theorem 8] Let f : I ⊂ [0,∞) −→ R be a twice differentiable function
on Io, such that f
′′ ∈ L1([a, b]), where a, b ∈ Io with a < b. If |f ′′ |q for q > 1 be an
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(1− t2)|f ′′(b)|q + t(2− t)
∣∣∣∣f ′′(a+ b2
)∣∣∣∣q}h(t)dt) 1q ].
Theorem 1.4. [11, Theorem 9] Let f : I ⊂ [0,∞) −→ R be a twice differentiable function
on Io, such that f
′′ ∈ L1([a, b]), where a, b ∈ Io with a < b : If |f ′′ |q for q > 1 be an






















)) 1q [∣∣∣∣f ′′(a+ 3b4
)∣∣∣∣q + ∣∣∣∣f ′′(3a+ b4
)∣∣∣∣q].
Theorem 1.5. [9, Theorem 2.4] Let f : I −→ R be a differentiable function on Io. Assume
that p ∈ R, p > 1 such that |f ′′ |p/(p−1) is a P -convex on I. Suppose that a, b ∈ Io with
a < b and f
′′ ∈ L1([a, b]). Then the following inequality holds for 1q +
1





















)∣∣∣∣q) 1q + (|f ′′(b)|q + ∣∣∣∣f ′′(a+ b2
)∣∣∣∣q) 1q ]
Theorem 1.6. [9, Theorem 2.6] Let f : I −→ R be a differentiable function on Io.
Assume that q > 1 such that |f ′′ |q is a P -convex on I. Suppose that a, b ∈ Io with a < b
and f











)∣∣∣∣q) 1q + (|f ′′(b)|q + ∣∣∣∣f ′′(a+ b2
)∣∣∣∣q) 1q ].
Theorem 1.7. (Hölder-İşcan Integral Inequality [1]). Let p > 1 and 1p +
1
q = 1. If f and




































































Theorem 1.8. (Improved power-mean integral inequality [2]). Let q > 1 and 1p +
1
q = 1.
If f and g are real functions defined on [a, b] and if |f |q, |g|q are integrable functions on








































































tx−1(1− t)y−1, x, y > 0, Γ(x) =
∫ ∞
0
e−ttx−1 x > 0.






, β(x, y) =
Γ(x)Γ(y)
Γ(x+ y)
; thus we can obtain below equality,














π, Γ(n+ 1) = nΓ(n) = n!.
2. Main Result
Theorem 2.1. Let f : I ⊂ [0,∞) −→ R be a twice differentiable function on Io, such that
f
′′ ∈ L1([a, b]), where a, b ∈ Io with a < b. If |f ′′ |q for q > 1 with p = qq−1 is a h-convex









































t|f ′′(b)|q + (1− t)
∣∣∣∣f ′′(a+ b2
)∣∣∣∣q}h(t)dt) 1q ].
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∣∣∣∣f ′′(1− t2 a+ 1 + t2 b
)∣∣∣∣qdt) 1q ]
Since |f ′′ |q ∈ SX(h, I), we obtained for 1p +
1


















































h(t)|f ′′(b)|q + h(1− t)
∣∣∣∣f ′′(a+ b2
)∣∣∣∣q}dt) 1q ]























































th(t)|f ′′(b)|q + (1− t)h(t)
∣∣∣∣f ′′(a+ b2
)∣∣∣∣qdt) 1q ]

































If we get the following fact that∫ 1
0



















then proof of the theorem is completed. 
Theorem 2.2. Let f : I ⊂ [0,∞) −→ R be a twice differentiable function on Io, such that
f
′′ ∈ L1([a, b]), where a, b ∈ Io with a < b. If |f ′′ |q for q > 1 be a h-convex on [a, b] then














































(1− t2)t|f ′′(b)|q + (1− (1− t)2)(1− t)
∣∣∣∣f ′′(a+ b2
)∣∣∣∣q}h(t)dt) 1q ].



























































∣∣∣∣f ′′(1− t2 a+ 1 + t2 b
)∣∣∣∣qdt) 1q ]
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h(t)|f ′′(b)|q + h(1− t)
∣∣∣∣f ′′(a+ b2
)∣∣∣∣q}dt) 1q ]





















































(1− t2)th(1− t)dt =
∫ 1
0
(1− (1− t)2)(1− t)h(t)dt

Theorem 2.3. Let f : I ⊂ [0,∞) −→ R be a twice differentiable function on Io, such that
f
′′ ∈ L1([a, b]), where a, b ∈ Io with a < b. If |f ′′ |q for q > 1 be a h-concave on [a, b] then
for some fixed t ∈ (0, 1) the following inequality holds:


































)∣∣∣∣+ ∣∣∣∣f ′′(3a+ b4
)∣∣∣∣].
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∣∣∣∣f ′′(1− t2 a+ 1 + t2 b
)∣∣∣∣qdt) 1q ]





























Thus, proof is completed. 
Theorem 2.4. Let f : I −→ R be a twice differentiable function on Io. Assume that
q > 1 such that |f ′′ |q is a P -convex function on Io. Suppose that a, b ∈ Io with a < b and
f
′′ ∈ L1([a, b]). Then the following inequality holds:






























)∣∣∣∣q) 1q + (|f ′′(b)|q + ∣∣∣∣f ′′(a+ b2
)∣∣∣∣q) 1q ].
(16)
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∣∣∣∣f ′′(1− t2 a+ 1 + t2 b
)∣∣∣∣qdt) 1q ].






































































































If we get the following fact that∫ 1
0
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Thus, the proof is completed. 
Theorem 2.5. Let f : I −→ R be a twice differentiable function on Io. Assume that
q > 1 such that |f ′′ |q is a P -convex function on Io. Suppose that a, b ∈ Io with a < b and
f
′′ ∈ L1([a, b]). Then the following inequality holds:











)∣∣∣∣q) 1q + (|f ′′(b)|q + ∣∣∣∣f ′′(a+ b2
)∣∣∣∣q) 1q ].
Proof. By using Lemma 1.1 and improved power-mean inequality,





























































∣∣∣∣f ′′(1− t2 a+ 1 + t2 b
)∣∣∣∣qdt) 1q ]
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If we do necessary operation, then the proof is completed. 
Corollary 2.1. If we take q = 2 in the inequality (17), then The inequality (18) coincides











)∣∣∣∣2) 1q + (|f ′′(b)|2 + ∣∣∣∣f ′′(a+ b2
)∣∣∣∣2) 12].
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